We study a mechanism of iceberg breakup that may act together with the recognized melt and wave-induced decay processes. Our proposal is based on observations from a recent field experiment on a large ice island in Baffin Bay, East Canada. We observed that successive collapses of the overburden from above an unsupported wavecut at the iceberg waterline created a submerged foot fringing the berg. The buoyancy stresses induced by such a foot may be sufficient to cause moderate-sized bergs to break off from the main berg. A mathematical model is developed to test the feasibility of this mechanism. The results suggest that once the foot reaches a critical length, the induced stresses are sufficient to cause calving. The theoretically predicted maximum stable foot length compares well to the data collected in situ. Further, the model provides analytical expressions for the previously observed "rampart-moat" iceberg surface profiles.
Introduction
The collapse of large ice shelves in Antarctica and the accelerated calving of glaciers in Greenland and Ellesmere Island in recent years have led to an increased volume of icebergs in both polar regions [Rignot et al., 2004; Alley, 2005; Derksen et al., 2012] . At the same time, there has been a rapid rise in commercial interest in these regions. This has been particularly the case for the Arctic where the retreat of summer sea ice has opened new shipping routes [Smith and Stephenson, 2013] and rekindled the idea of profitable extraction of oil and gas [McClintock, 2011] . However, icebergs still pose a major threat to ships and offshore structures, and so the mounting interest in the high latitudes has come with a renewed interest in iceberg trajectories and life cycle-from both observations [e.g., Martin et al., 2010; Timco, 2007; Gladstone et al., 2001] and modeling efforts [e.g., Keghouche and Bertino, 2009] . Aside from such engineering applications, the deterioration and melting of icebergs (or ice islands, as large tabular icebergs are referred to in the Arctic) is of fundamental interest to oceanographers, since this is a significant contributor to the freshwater flux in the polar seas [Silva et al., 2006] . From a climatological point of view, icebergs are thought to have played a key role in past climatic shifts. In particular, paleoclimatologists have shown that large numbers of icebergs were shed during the last glacial period in the so-called "Heinrich events" [Sierro et al., 2005] .
Among the multiple thermodynamic and mechanical processes involved in iceberg decay, forced convection, calving-/wave-induced flexural failure, and wave erosion are commonly taken to be the most important [Savage, 2001] . The first is due to differential iceberg-water velocities, the second is purely mechanical, and the third is usually regarded as the most efficient decay factor [White et al., 1980] . Other, less significant contributors to iceberg decay are insolation, buoyant meltwater convection [Huppert and Turner, 1978] , and wind-forced convection.
Savage [2001] lists three distinct calving mechanisms: (i) flexural breakups due to ocean swell [Goodman et al., 1980; Wadhams, 2000] , (ii) calving of ice overhangs that result from wave erosion at the waterline [White et al., 1980] , and (iii) calving of the buoyant foot that also appears due to wave erosion. It is the third of these that concerns us here. Although it should be considered a significant decay mechanism in its own right (as we argue below), its importance is rarely discussed. An exception to this is the work by Scambos et al.
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In this letter we provide a simple quantitative theory (for idealized geometric, material, and fracture conditions) to fill this gap in our understanding of iceberg decay. Our interest in this phenomenon was initially sparked by a number of large-scale calving events we observed in calm conditions and without significant tidal forcing during a recent field experiment (see section 2). We argue that these events are best explained by flexural breakup due to the torque exerted on the berg by a submerged foot-what we call the "footloose" mechanism. (A more standard term for a submerged fringe around an iceberg is a "ram" [Armstrong et al., 1973; World Meteorological Organization, 1970] , but we use the term "foot" here as it is more descriptive of a fringe than of a single protuberance).
Operation Iceberg Experiment
Despite the substantial interest, icebergs have rarely been studied in situ. This is largely due to such field experiments being difficult and not without inherent dangers: large icebergs are known to create their own local weather, making helicopter transportation to and from an iceberg challenging. More difficult still is the terrain: icebergs are prone to breakup and capsize spontaneously and also present an ideal retreat for polar bears in the Arctic summer. All of these dangers were encountered during the experiment discussed below.
The ice island surveyed during the "Operation Iceberg" experiment as part of a two-episode British Broadcasting Corporation (BBC) documentary was the largest remaining fragment of the ∼ 253 km 2 Petermann Ice Island (PII) that calved from Petermann Glacier, northwest Greenland, in August 2010 [Falkner et al., 2011] . At the time of data collection in late July 2012, PII-B-1, as the surveyed fragment became known, was ∼ 42 km 2 in area with an average thickness of ∼ 70 m. It had then drifted to Baffin Bay and was located 130 km southeast of Clyde River, NU, Canada, where it was grounded at one point and subject to substantial diurnal rotation around that point, caused by tidal forcing. During the experiment, a number of large calving events (with broken-off pieces > 100 m in diameter) were observed. The breakup process of one of those events, henceforth "Event 1, " was measured by GPS. We occupied a total of five sites on the iceberg surface with geodetic quality GPS-receiving systems for a period of ∼ 5 days, from 30 July to 3 August (days of year 2012/212-216). Two of the systems operated continuously and simultaneously during Event 1, recording observations at least once every 3 s. Prior to breakup, the two systems formed a 209.8 m long baseline. After breakup, one system (BB05) continued operating on the main berg while the second (BB04) rose up and drifted away on the piece that broke off; BB04 was eventually recovered, about 3.2 h after Event 1. Locations of the antennae and estimates of the vertical component of site position in the WGS84 ellipsoid are shown in Figures 1a and 1b , respectively. The least squares estimate of a vertical offset of BB04 relative to BB05 due to breakup is 63.1 ± 0.4 cm. The rise of BB04 suggests that prior to calving, this part of the berg was submerged below its own equilibrium floating depth. A natural explanation is that this submersion was caused by a bending torque exerted by the (thicker) remainder of the berg, which in turn may have initiated or contributed to the breakup.
Also shown on the aerial image is the approximate shape of the total broken-off piece, and the outline of a 3-D scan of one of its subsegments. The scan was obtained using an Optec lidar to measure the freeboard of the iceberg edge and a Reson 8125 multibeam sonar (MB) to measure its keel. Rendered images of the scan are shown in Figures 1c and 2b . Lidar/MB surveys were performed throughout the experiment, resulting in 3-D scans of the complete iceberg perimeter. From the scans it emerges that almost the entire edge of the berg features a protruding underwater foot as shown in Figure 2 . The foot was on average ∼ 19 m wide and less than ∼ 61 m thick (this value is an upper bound, estimated from freeboard data, since the full thickness was not visible to the MB). The observation of this foot and the vertical leap of the broken-off piece led to the suggestion of the "footloose mechanism, " which we develop below.
We believe that the observed calvings may not have been due to wave action, although this still remains a possibility because the iceberg was thin and weak compared with thicker Antarctic tabular icebergs which have been shown to require a significant swell to break up [Wadhams et al., 1983] . The data collected from the Waverider buoy show that the iceberg experienced only modest swell conditions during the experiment, with significant wave heights less than 2 m and modal wave period 9-12 s (Figure 1d ).
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Nevertheless, fracture mechanics considerations [Goodman et al., 1980] show that a weakened iceberg with many crevasses could easily have a crack large enough to propagate at low flexural stress.
We further believe that tidal stresses did not cause the observed calvings because for a berg grounded at a single point, the stress field within the berg due to tidal forcing will be roughly radial around the grounding location. As will become clear from the model in section 3, for an iceberg of thickness ∼ 70 m, the bending stress peaks at a distance ≲ 250 m from the point of grounding. Therefore, since PII-B-1 was grounded near its edge, a breakup due to tides would likely result in a small piece of diameter < 500 m remaining grounded and the main iceberg becoming unstuck. Our observations, on the other hand, found pieces calving from the edge farthest from the grounding point (Figure 1a ), at a distance at which tidal effects should have largely dissipated (e.g., Event 1 occurred approximately 8 km from the grounding point).
The Footloose Mechanism
In summer in Baffin Bay, icebergs quickly find themselves surrounded by open water with surface temperatures far above freezing. A combination of warm surface waters (Figure 2c ) and forced convection due to surface waves causes a much higher rate of melting at the waterline of the iceberg than deeper down, resulting in melt rates at the waterline up to 1 m/d∕ • C [Scambos et al., 2008; Savage, 2001] . The result is the appearance of a so-called "wavecut, " which is commonly observed for icebergs in relatively warm waters [Veitch et al., 2001] . The propagation of such a wavecut is likely to be further enhanced by calm conditions in which the vertical mixing in the surface water layer is small and the top water layer can heat up easily (e.g., from solar radiation), as illustrated in Figure 2c . Once the wavecut reaches a critical depth, the overhanging freeboard will become unstable and break off [White et al., 1980] , leaving behind a protruding underwater ice foot (Figures 1c and 2b) . The foot is submerged because it is attached to the main berg; since it is buoyant relative to the surrounding water, it exerts a net vertical force on the berg. This vertical force can have two effects: (i) for smaller icebergs with an asymmetric foot around their edges, the buoyant foot will raise and tilt the iceberg with respect to the waterline [see Scambos et al., 2008, Figures 5g and 5h] and (ii) for large bergs with a significant foot around their edges, the buoyancy induces a net local hydrostatic imbalance. This imbalance in turn results in a deformed edge profile and a corresponding internal stress field which reaches a maximum further inside the iceberg (away from the edge). We propose that this maximum stress can reach a critical level (for a large enough ice foot) that ultimately causes the iceberg to calve. A simplistic model for the special case of an exactly symmetric iceberg was previously discussed in Diemand [1987] . Here we present a quantitative model to describe this footloose mechanism for large tabular icebergs in terms of a floating cantilever beam that is subjected to a vertical forcing.
In order to present a simple physical model that captures the essential features of the footloose mechanism proposed above, we make a number of simplifying assumptions. Most notable among these assumptions is that we model the iceberg and its foot as a purely elastic beam with a well-defined breaking, or yield stress y , and a constant Young's modulus E. We therefore neglect the effect of cracks and crevasses, which inevitably weaken the effective "beam. " In calculating the deformation of the berg, we also neglect the change in bending stiffness that occurs between the foot and the main berg; we assume that the change in thickness is only important in determining the loading on the beam. Motivated by the rectilinear features of the berg illustrated in Figure 1a , we also neglect variations around the circumference of the berg: our model is two dimensional. With these assumptions the vertical deflection w(x) of the berg from its floating depth satisfies [Vella and Wettlaufer, 2008 ]
where B = Eh 3 ∕12(1 − 2 ) is the bending stiffness of a beam [Landau and Lifshitz, 1986] of thickness h and Poisson ratio , g is the acceleration due to gravity, and w the density of water (Figure 2a ). In equation (1), the first term represents the restoring force on the beam due to its bending stiffness, the second term accounts for the buoyancy of the displaced water acting on the iceberg, and Q(x) is the additional buoyancy arising from the foot.
The mathematical character of the solutions of equation (1) is well known [Hetényi and Hetbenyi, 1946 ] to be oscillations modulated by an exponential decay over a horizontal length
(2) This intrinsic "buoyancy length" reflects the balance of the beam's stiffness and the loading of hydrostatic pressure [Wagner and Vella, 2011] . However, the details depend on the precise form of the loading Q(x).
When the length of the ice foot is relatively short compared to the buoyancy length w , i.e., ≪ w , the bending of the foot may be neglected and the length of the foot only enters via the total buoyancy force that it imparts on the rest of the beam; the foot may be modeled as a point force acting on the edge of the beam,
is the Dirac delta function and the total force F = F buoyancy − F gravity = g i d, where d ≡ hΔ ∕ w is the freeboard of the sheet in isostatic equilibrium, with Δ ≡ w − i . Solving (1) subject to moment free and known force boundary conditions at x = 0 (the edge of the foot) and undisturbed conditions as x → −∞, we find that
where  ≡ d i ∕( w w ) is a scaled, dimensionless thickness of the iceberg that emerges naturally from the calculation. (Further details may be found in SI). This profile is qualitatively similar to the "rampart-moat" morphology observed previously [Scambos et al., 2005] , as shown in Figure 3 and discussed in section 4.
To determine conditions under which the loading from the foot may induce breaking, we compute the stress within the beam associated with bending. From plate theory the maximum stress within a beam occurs at the surfaces and is given by max = Y|w ′′ max | = Y ∕ 2 w exp(−π∕4) [Mansfield, 2005] , where Y = Eh∕2(1 − 2 ) is the stretching stiffness of a beam of thickness h. Within our simple elastic model, we assume that provided max < y , no fracture occurs and the berg remains intact. Combining this result with (3), we find that a foot with length
may exist without the berg fracturing. When = crit , the berg will fracture at the point of maximum stress which is found at x max = −(π∕2 √ 2) w , i.e., roughly at a distance w from the edge. We note that (4) would make it possible in principle to estimate the large-scale yield strength (or, alternatively, the elastic modulus) of an iceberg from observations of crit , for a given material and geometric properties.
We emphasize that the analysis leading to (4) was predicated on the assumption that ≪ w ; for this approximation to be self-consistent we require y h∕( 2 w gΔ ) ≪ 1. Analytical results may still be obtained once this restriction is lifted, i.e., when ∼ w , but the final criterion for the maximum foot length crit must be determined numerically (for details, see SI). However, an important feature of the calculation is that we find that a natural stress scale exists: * = Y∕ w . The value of the maximum foot length possible before breakup is a function of y ∕ * alone, shown graphically in Figure 4 . Interestingly, we find that for sufficiently strong bergs, where y > 0.2012 * , the buoyancy torque due to the foot is insufficient to cause the berg to break up, regardless of the length of the foot. This reflects the fact that for strong bergs, crit ≫ w and the foot actually adjusts to float at its natural buoyancy level. Regime diagram for dimensionless foot lengths against bending stress, shown are the exact solution for crit (solid), the linear approximation (dashed), and the observational data (red points) from the PII-B-1 experiment; error bars are primarily due to the uncertainty in thickness measurements. The green shaded area represents the theoretical regime of (h) in which < crit , i.e., where no breakup is expected from hydrostatic stresses. The hatched area shows the regime where max < y , for any . Inset: dimensional foot lengths versus iceberg thicknesses h.
Comparison With Observations
There are two features of our modeling approach that may readily be compared with experimental observation. The first is the theoretically predicted surface profile of an iceberg with a protruding ice foot, see equation (3). This may be compared with ICESat-based altimetric measurements of surface topography of Antarctic tabular icebergs [Scambos et al., 2005] . In their study, the averaged line profiles of two large icebergs were given, with data reaching from the iceberg edge up to ∼ 3 km inward from the edge. These profiles exhibited what the authors call a rampart-moat shape-a raised edge, followed by a small depression away from the edge. Scambos et al. [2005] also presented the results of FEM calculations, which qualitatively recovered this characteristic profile. We note that the berg thicknesses and foot lengths reported there (h = 250 m, = 40 m for A38B and h = 200 m, = 20 m for A43B) with a Young's modulus of 0.1 GPa, giving w = 345 m and 292 m, respectively, correspond to a relatively small foot, i.e., ∕ w ≲ 0.1. These simulations and experimental observations are therefore expected to lie in the "small foot" regime for which the beam profile is given by (3). As we see in Figure 3 , this analytical prediction agrees well with both the observations and FEM results and, furthermore, indicates that this rampart-moat shape is universal once the horizontal and vertical dimensions have been rescaled as suggested in (3).
The second experimental observable that may be tested using the results of the model presented in section 3 is the length of the foot. Recall that the model predicts that if the foot reaches a critical length crit , then the iceberg will fracture and a portion breaks off; in the field, therefore, we would expect to see feet with a wide range of lengths but all below this critical value. To compare the theory with our observations from PII-B-1, we segment the scan of the perimeter of the main iceberg into regions of similar edge/foot profiles and record both the approximate iceberg thickness and the foot length for each segment. The results obtained from this analysis are presented in dimensional form as the red dots in the inset of Figure 4. (To obtain these dimensional values, we take a medium value for the iceberg strength y = 500 kPa [Vaughan, 1995; Robe, 1980] and E = 1 GPa [Vaughan, 1995] .) An alternative way to present the data to highlight the role played by the yield stress y is to plot the foot length as a function of y ∕ * . This is done in the main portion of Figure 4 . With both presentations of the data, we see that the experimental observations are consistent with theory in that for a given ice thickness, all observed feet appear to be shorter than some maximum length.
Considering Event 1, the average height of the broken-off piece was h ≈ 25 m and length ≈ 100 m (Figure 2b) . This compares well with the estimated point of maximum stress, x max ≃ 121 m. The foot length 10.1002/2014GL060832 for this piece crit varied widely from 0 to 28 m (average ≃ 10 m) which compares to crit ≃ 42 m from the theory. The observed and predicted values can be brought to agreement by, for example, decreasing the assumed value for the yield stress. A mechanically weaker iceberg seems reasonable since the berg had already been drifting for 2 years by this point, and its surface was heavily crevassed. Indeed, taking y = 100 kPa [Van der Veen, 1998 ] results in crit ≃ 9 m, thus consistent with our observations for Event 1. We hypothesize that any scenario in which the feet were longer than the maximum allowed would have caused breakup before our observations were made. We also note that for an iceberg of thickness h = 50 m, we find crit ≈ 50 m, increasing to crit ≈ 72 m for h = 300 m; crit ∼ h 1∕4 is only weakly dependent on the ice thickness. Furthermore, the small foot approximation is more accurate the thicker the berg (Figure 4, inset) and will be adequate for many Antarctic tabular icebergs, which often have thickness > 200 m.
Conclusions
Motivated by recent field observations, we have presented a quantitative model for an iceberg decay process that acts as a combination of melt and hydrostatic stress effects: we have argued that for icebergs floating in open water, rapid erosion near the water surface leads to a protruding underwater foot. The foot's upward buoyancy induces a stress field in the iceberg that can break off significant pieces from the edge of the berg. This model introduces a critical foot length crit at which the iceberg will calve, for given material properties and berg thickness. For example, an Antarctic iceberg of thickness h = 300 m (and material values as above) will calve when the foot reaches crit ≈ 72 m, resulting in the break off of a piece of ∼ 780 m length. In 5 • C water, this foot length can be reached in as little as ∼ 2-3 weeks (assuming a differential erosion rate of 1 m/d/ • C). This suggests that the footloose mechanism is a rapid and large-scale decay process for icebergs, and a significant contributor to their overall decay rate.
